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ABSTRACT. Let A = kQ be the path algebra of a quiver with underlying
graph A, or D,. For all pairs of indecomposable A-modules M and N,
dimy Ext}x(N , M) is computed and a basis consisting of short exact sequences
00— M —Y — N — 0 is constructed.

Let A be a basic connected hereditary finite-dimensional algebra of finite
representation type over an algebraically closed field k. In this paper, we
investigate the indecomposable A-modules appearing as summands of the
middle term of a non-split short exact sequence 0 - M — Y — N — 0
where M and N are indecomposable A-modules.

According to Gabriel’s theorem [5], a finite dimensional algebra A sat-
isfying the above conditions is isomorphic to a path algebra k@ where the
underlying graph @ of Cj is one of the Dynkin diagrams A,,, D,, Eg, E7, or
Eg. The Auslander-Reiten quiver of A, which will be denoted by Iy, is a
finite connected translation subquiver of the infinite translation quiver Z@Q).

Indecomposable A-modules will be identified with vertices of I'y.

This work was done while the author was a post-doctoral fellow of the Ministére de
I’Enseignment Supérieure et de la Science du Québec.
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If0—- M —Y — N — 0 is a non-split short exact sequence, there are
non-zero morphisms M — Y’ and Y’ — N for each indecomposable sum-
mand Y’ of Y. These morphisms are sums of compositions of irreducible
morphisms, which correspond to paths in I'y, so each indecomposable sum-
mand of Y lies on a path from M to N in I'y. Therefore, we consider the
translation subquiver I'y (M, N) of I'y whose vertices are the indecomposable
A-modules lying on some path M — --- — N in [',. By the above consider-
ations, all possible summands of the middle term of a non-split short exact

sequence 0 - M — Y — N — 0 are contained in 'y (M, N).

Ext} (N, M) will be viewed as the abelian group whose objects are iso-
morphism classes of short exact sequences 0 - M — Y — N — 0, where
addition is given by the Baer sum. Ext} (N, M) is also a k-vector space via
the actions of k = (Endy M)° = Endy N. For each pair M, N of indecom-
posable A-modules where A is the path algebra of a quiver with underlying
graph A, or D,,, we will compute dimy Ext} (N, M), then determine a k-basis
for Ext} (N, M), consisting of short exact sequences 0 — M — Y — N — 0.
The geometric configuration of I'y (M, N) will be used to determine both the

dimension, and the summands of the middle terms of basis elements.

Concepts of almost split sequences and the Auslander-Reiten quiver as
described in [2] and [7] will be used. The Auslander-Reiten translate D Tr
will denoted by 7, and TrD will be denoted by 7~ (note that 7=* = (TrD)¥).
Auslander proved in [1] that the almost split sequences generate the Grothen-
dieck group Ko( mod A). Our constructions are based on expressing a non-

split short exact sequence explicitly in terms of almost split sequences.

We will use the fact that when A is hereditary of finite representation type
and M is an indecomposable A-module, the function dimg Homp (M, ) :
ind A — Z is the additive function (in the sense of Gabriel [6]) fas associ-

ated with the vertex M in I'y. This follows because I'y is a preprojective
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component, hence it is standard (see [7] Lemma 2.2.3), that is, ind A is
equivalent to the mesh category of I'y.

A path M = My - My — -+ — M; = X in I'y is called sectional if
M; 1 # 7™M;1q for 1 < i <t —1. The function fys satisfies the properties
that fas(X) = 1 whenever there is a sectional path from M to X in Iy, and
if0 > 7X - @Y; - X — 0is an almost split sequence, then fa(7X) +

(X)) =22 fu(Y5).
1. INTERSECTIONS OF SECTIONAL PATHS

In this section we consider a pair of sectional paths M = My — M; —
My 1 - My = Z,and Z = N9 =+ Ny — ---N;y_1 — Ny = N in Iy,
where M;_1 = N;, and we determine conditions under which Z appears
as a summand of the middle term of some non-split short exact sequence
0O—-M-—=Y —N—=0.

The first result in this direction applies to any artin algebra A.

Lemma 1.1. Let A be an artin algebra.

(a) Let Z % N be an irreducible morphism. There is a non-split short ezact
sequence 0 - M — Y & Z 9 N S0 if and only if Exty(g, M) :
Ext} (N, M) — Ext}(Z, M) is not a monomorphism.

(b) Let M 1y 7 be an irreducible morphism. There is a non-split short ezact
sequence 0 — M ") yez o N =0 if and only if Exty (N, f) :
Ext} (N, M) — Exty (N, Z) is not a monomorphism.

Proof. We prove only (a) since the proof of (b) is dual. If Ext} (g, M) is not
mono, there is a pullback diagram of the form

O— M —- X — Z =0

| U G
0o—- M % Y 5 N —0

where the lower sequence is non-split, but the top sequence splits. Then there

exists a morphism Z ™ ¥ such that g = vh. Since g is irreducible, h must be
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a split mono since v is not a split epi, so Z is a summand of Y. Furthermore,
v|z = vh = g, so v is of the form (h, g). For the converse, it is clear that the
given sequence is a non-zero element of the kernel of Ext} (g, M) (even if g

is not irreducible). O

We may now identify one type of indecomposable A-module which appears
as a summand of the middle term of a non-split short exact sequence 0 —

M—-Y —N—0.

Proposition 1.2. Let A be hereditary of finite representation type, and let

M and N be indecomposable A-modules. If there are sectional paths in I'p
M:M0—>M1—>"'MS,1—>MSZZ

Z =Ng—>Ny—---Ny;_1 >N;=N

such that My,_1 = TNy, and dimyg Extk(Nj,M) =1forl1<j<t, then Z
1s a summand of the middle term of the unique up to isomorphism non-split

short exact sequence 0 - M —Y — N — 0.

Proof. Since the paths are sectional, it follows from calculating dimensions
via additive functions that Ext} (Z, M) = Ext} (N, Z) = 0. By Lemma 1.1,
ifs=1lort=1and 0 > M — Y — N — 0 is non-split, then Z is a
summand of Y.

Now assume that s,t > 1 and that the statement holds for the pair of
sectional paths M = My - My — ---My_1 — My, = Z, and Z = Ny —
Ny — ---N;_1, which have the required properties. Then there exists a

non-split short exact sequence
(%) 0 M2 720y PPN, 0

By applying Homj (N, ) to this sequence, we obtain the exact sequence

0 = Homy (N, Ny_1) — Ext} (N, M) — Ext} (N, Z&Y) — Ext} (N, Ny;_1) = 0
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where Homp (IV, N;—1) = 0 because otherwise there would be an oriented
cycle in I'y which is impossible since A is hereditary of finite representation

type. Therefore
Exti(N,Z@Y) = Ext}(N,Y) = Ext} (N, M)

We have a commutative exact diagram

(%) ()
0 0
\ \
e:0 — M — X — N —0
f@gi i ||
n:0 - Z®Y —» ZeoX —- N — 0
(hk) L \
Ny 1 =— Nig
\ \
0 0

where 7 is the direct sum of a non-split sequence 0 - Y — X' —- N — 0,
and 0 =+ Z = Z — 0 — 0, and € is the preimage of 7 under the isomorphism

induced by f @ g. By applying Homp (N¢—1, ) to €, we obtain
Homp (N;—1,X) — Homp (Ny_1, N) — Extj (Ny_1, M) — BExt} (N;—1,X) — 0

Since A is hereditary of finite representation type, one of Homp (N;_1, X) or
Ext} (N; 1, X) must be zero. If Homa (N; 1, X) = 0, then dimg Homy (N; 1, N) =
dimy Extjlx(Nt_l,M) = 1 implies that Ext}x(Nt_l,X) = 0. Therefore, (x*)

splits, which shows that Z is a summand of X. [

2. EXACT SEQUENCES FOR A,,, D,

Let A = k@ such that Cj has underlying graph A,, or D,,. In this section
we construct bases for Ext} (IV, M) for all pairs of indecomposable A-modules
M, N such that Ext} (N, M) # 0. The following lemma, which is similar to

Lemma 2.1 in [3], will be used in these constructions.
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Lemma 2.1. Let A be an artin algebra, and let

0— Ay 1189, B, ® A, ‘;(hl’h By — 0

and

be exact in mod A. Then the sequence

0— A f1€Bg2g/1 By @ As (h2h1,—;13) Bs — 0

is ezact itn mod A. O

The following statement describes the short exact sequences which will be
constructed, based on the geometric configuration of I'y. The dimensions of
Ext} (N, M) are computed via additive functions. In the subquivers given
in the statement of the theorem, vertices in parentheses may be zero. When

two vertices are in angle brackets, at least one is non-zero.

Theorem 2.2. Let A be the path algebra of a quiver with underlying graph
Ay, or Dy, and let M and N be indecomposable A-modules. Then Exty (N, M) #
0 if and only if TA(M,N) is of one of the following configurations. If
IA(M,N) is of one of these types, the corresponding sequences are ezxact,

and they form a k-basis for Ext) (N, M).
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(2) dimy Exti(N,M) = 1 (If s odd and N = 7=°M, or s even and N =
°-1E)

0O—-M—>My; —-N—0
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0—->M-—E® (M) — N—0, if s is odd
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(6) dimy Ext} (N, M) =2

0O—-M-—->M,dE® (Y, > N—0
If t is even,
0O->M-—->M e 'M;® (Y, > N—0

0—>M—>M,d7'M;® (Yy) > N —0
If t is odd,
0O—-M-—->M e E® (Y, - N—0

Proof. Tn case (1), dimy Ext} (N, M) = 1, there is up to isomorphism a
unique non-split short exact sequence 0 - M — Y — N — 0. By Propo-
sition 1.2, My is a summand of Y, and so are M. and N; when they are
non-zero. By induction on s and ¢, the length of Y is equal to the sum of

the lengths of My, M} and Ny, so Y = My & (M]) & (Vy).
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For the cases in (2), it is again easily shown that the length of M; equals
the sum of the lengths of M and N. Since My must be a summand of the
unique non-split short exact sequence 0 - M — Y — N — 0 by Proposition
1.2, it again follows that Y = Mj.

(3) The sequence 0 - My - 7 °*M @ E'® (Nt) — N — 0 is exact by (1).
If s is even, we have an exact sequence 0 — M — M, — E’' — 0, and if s is
odd, we have an exact sequence 0 - M — M, — 7 °M — 0. Since there
are sectional paths from My to 77*M and E’, dimg Homp (M, 7 °M) =
dimg Homy (M, E') = 1, so we may assume that the maps My — 7~ °*M and
M, — E' appearing in the sequences are the same maps. Then from Lemma
1.2, we obtain the short exact sequences 0 - M — 77 °M & (N;) > N — 0
if s is even, and 0 - M — E' @ (N;) — N — 0 if s is odd. The sequences
in (4) are obtained similarly.

(5) First assume that ¢ is even. Then from (3) and (4) we have non-split
short exact sequences 0 — M — M, ® (N;) — 7 tMy — 0 and 0 — M, —
Tt M, & (X,) - N — 0. Since t is even, dimy Homy (M,, 77 *M,) = 1 so
we may assume that the maps M, — 77 ¢M, appearing in the two sequences
are the same map. Now, by Lemma 1.2, we obtain the exact sequence 0 —
M — (Xy)® (N¢) = N — 0. The case in which ¢ is odd is handled similarly.

(6) We obtain only the first sequence in the case where ¢ is even, since the
other cases are similar. By (1) we have a short exact sequence 0 — M —
Ms; o M. & (Y,) — X, — 0, and by (3), we have a short exact sequence
0— M, - E®X, - N — 0. Since dimy Homy (M., X,,) = 1 we may again
combine the sequences to obtain 0 > M - M;®E & (Y,) - N — 0. O
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Remark: When T'y(M,N) is of type (6), there is an exact sequence of
the form 0 - M — X, & N; - N — 0 by the same argument given for (5),
so this sequence is a linear combination of the two sequences given as basis

elements.
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