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1. Introduction

In this paper, | present a modal system called O (Pi), characterizing it both axiomatically and
algebraically, the latter being in terms of structures called p-algebras (pi-algebras). Pi-algebras are a
natural generalization of Boolean algebras with operators — a generdization in which equality is
replaced by congruence in the characterizing conditions. The resulting system of modal logic is "sub-
Lewis', inthe sensethat it is properly contained in the weakest Lewis system, S1.

2. The Basic Modal System O — Axiomatic Characterization

System O is underwritten by a sentential language £ whose primitive vocabulary includes two
truth-functional connectives [~, &] and one modal connective [[1]. The remaining logical items|[L, T,
U®,«, <, =, <] may then be defined in the usual manner.

System O is axiomatically characterized by the following rules, whose nick-names are given to
theright.*

(r1)) w0t wheret isatautology (thesis of Sentential Logic) [SLN]
(r2) w@®eb)®.Ha® [b [K]
r3) a; a®buwub [MP]
(r4-) {+0a} v a [T-]?
(r5) {ra<eb}l b La<«llb [E]

Notethat a <>b =+ [l(a« b). Also note that, in rules (r4-) and (r5), the notation ‘{ -f }’ meansthat the
prior lines constitute a proof of f .

! We present axiom systems exclusively in terms of derivation rules, including zero-place rules which substitute for axiom
schemata. The rule marker isthe broken-arrow * L',
2 The reason for the "minus’ notation in (r4-) is that the most natural extension of O, called O+T, is obtained by replacing
(r4-) [ak.a T-] by (r4) [ak.a T], which isthe characteristicrule of System T.

(rd) L0a® a [T]
Given the presence of T and MPin O+T, it is easy to show that (r4-) isadmissiblein O+T. More about O+T in Section 13.
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3. Boolean Algebras and Pi-Algebras

The proposed semantics for System O is based on the notion of a pi-algebra, which is a Boolean

algebra B augmented by the following two items.

D aBoolean congruencerelation ~ on B;
(2 aone-place function O on B, subject to various restrictions (Section 7).
We regard a Boolean algebra as an algebra whose primitive operations include the following.
(1) © ortho-complement operation interprets negation (~)
(b2) U meet operation interprets conjunction (&)

The remaining Boolean operations are defined in the expected manner.

(b3) O zero-element interprets L

(b4 1 unit-element interprets T

(b5) U join operation interprets disjunction (U)

(b6) - conditional operation interprets the conditional (® )
(b7) o biconditional operation interprets the biconditional (« )

Additionally, every Boolean algebra admits a two-place implication relation < satisfying the
following conditions.

(p1)
(P2)

x<y < xUy=y
x<y < xUy=x

Therelation < isapartial ordering, which isto say it satisfies the following conditions.

(P3) x<x [< isreflexive]
(pd) x<y& y<z .= x<z [< istransitive]
(P5) x<y & y<x = x=y [< isanti-symmetric]

4. Boolean Congruences

Let B be a Boolean algebra, and let ~ be a two-place relation on B. Then = is said to be a
congruence relation on B if and only if it is an equivalence relation that "respects' the Boolean
operations. In other words,

(c) x=x [~ isreflexive]
(c2) x=~y=y=~x [~ issymmetric]
(c3) x=~y& y~z = x~z [~ istransitive]
(4 x=~y= Dx~Qy [~ respects 9]
(c5) x=xt& y~yt.— xUy~ xWyc [~ respects U]
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5. Pi-Orderings

Let B be aBoolean agebra, and let =~ be a congruence on B. Define an affiliated order-relation
< on B asfollows.

(dl) xSy =« x=~xUy

We call 2 iscalled a pi-ordering (p-ordering), where ‘pi’ is short for ‘para-implication’. Basically, a
para-implication relation "hovers' near or around the fundamental implication relation [i.e., <].

Firdt, it is easy to show that < extends <, and is a quasi-ordering [i.e., reflexive and transitive
relation] over B.

(t) x<y=x=3y [2 extends <]
(t2) x=3x [ isreflexive]
3 xIy&ylz.=x3z [S istransitive]

Next, every quasi-ordering gives rise to an affiliated equivalence relation. In the case of a pi-ordering
<, the dffiliated equivalence relation is quite simply the origina congruence relation =, as seen in the
following theorem.

td) xFy& ysx = x=y

Other simple theorems about < are given as follows, along with the parallel theorems about <.

) xJy < xUy~y x<y< xUy=y

) xSy = Oy Dx X<y = Qy<Dx

t7) x2y & x2z = x3yUz x<y & x<z .= x<ylz
t8) xXz& y3z = xUy=3z x<z& y<z .= xUy<z
t9) xUy=<z <= x3Jy->z xUy<z < x<y-z

(t10) xU(x=y) Sy xU(x=y) <y

(t11) xSy < x2y=1 x<y < x2y=1

(t12) x~y < xey~1 x=y < xoy=1

6. Boolean-Filters and Pi-Filters

Let B be a Boolean algebra. Then a filter on B isasubset [F of B satisfying the following
conditions.

1) I )
f2) p & p<q = ql F
(f3) pl F& gl F .= pUgl F

i F
I F

Let &B,31i be a pi-ordered Boolean algebra. Then, a pi-filter on &B,3fisasubset [F of B
satisfying the following conditions.

(p1) 1T F )

(p2) pl F&p=2q.=qltl

(P3) pl F & gl F .= pUql F
S

Noticethat, since x2Jy if x<y, every p-filter isautomatically afilter.
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7. Box-Functions

In addition to a congruence, and associated pi-ordering, a p-algebra also comes equipped with a
one-place "box" function O, which interprets the necessity operator. A box-function O is postulated to
satisfy the following conditions.

(b1) OG)~1 < x=1I
(b2) OGUy) ~ O() UO(y)

In this connection, we cite the following ssimple but important theorems about box-functions.

(t13) O(x-~y)UO() 3 O)
(t14) O(x-y) 2 O(x)~>0O()

8. Logical Matrices based on Pi-Algebras

The method of logical matrices is well-known in logic. Given aforma sentential language £, a
logical matrix for L is a structure &4, DA where A isan algebrathat is type-appropriateto £, and D is
asubset of A of "designated” elements. Where M = &4,Diis alogica matrix, an ‘M-admissible
valuation on £ is any homomorphism from the algebra of formulas of L into the algebra /A. An
admissible valuation u is said to satisfy aformula f [written: u=f] precisely if u(f)i D. Similarly, a
matrix M is said to satisfy f [written: M =f | precisely if every ‘M-admissible valuation satisfiesf , and
aclass K of matrices is said to satisfy f [written JK=f] precisely if every matrix in K satisfies f .
Finaly, aformulaf issaidto bevalidin K precisely if K satisfiesf .

The class K (p) pi-matrices is characterized as follows — alogical matrix M = aA,DAis a pi-
matrix if and only if ‘A isapi-algebra, and D isap-filter on A.

9. Lemmas About Pi-Matrices

In the present section, we cite some simple theorems about pi-matrices that are useful in proving
soundness and compl eteness results.

(L) LeaM = &B,~,0/ Dfibeapi-matrix, and let u be an M-admissible valuation.
Supposet isathesisof classical SL. Thenu(t)=1.

(L2) LeM = &B,~,0n Diibe api-matrix, and let u be an M-admissible valuation. Then, if
f isM-valid, u(f)=1. So,afortiori, if f isvaidin K(p),thenu(f) = 1

(L3) LeM = &B,~,0n Diibe api-matrix, and let u be an M -admissible valuation.
Suppose u(f) =~ 1. Then, since D isrequired to contain 1, u(f)I D, and sou=f .
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10. Soundness Theorem

Every thesis of System O isvalid in the class K (p) of pi-matrices.

Proof. A standard proof by strong induction. We suppose, by way of an inductive hypothess, that
every proof of length less than m produces a valid formula, to show that a proof of length m produces a
valid formula. Consider a proof of f of length m. Given the formulation of System O, there are a
number of waysin which thelast line[i.e. f] can enter such a proof, which we consider case by case.

SLN. Inthiscase f hastheform [t, wheret isathesisof SL. Consider an p-admissible valuation u;
we wish to show uk=llt. Sincet isathesisof SL, by Lemma (L1), u(t) = 1. By the homomorphism
requirement® on u, u(t) = O(u(t)), so u(dt) = O(1). By condition (b1), O(1) ~ 1. So,u(0t)~ 1.
So by Lemma (L3), uk=Llt.

K. In this ase, f has the form [L(a® b)® (Lla® [b)]. Let u(a)=p and u(b)=q. Then by the
homomorphism requirement, u{ LJ(a® b)® (La® [Ib)} = O(p—q)—~>(O(p)—>0O(g)). So, in order to
show that u satisfies [[1(a® b)® (Lla® [Ib)], in virtue of (L3), it suffices to show that
O(p—>q)~>[O(p)—>0(q)] = 1. But by (19), the latter isequivalent to O(p—>q) < O(p)—>0O(g), whichis
the content of (t14).

MP. In this case, the formula f follows by modus ponens from earlier formulas — a® f and a.
Consider an admissible valuation u; we wish to show that u=f, which is to say u(f)i D. By the
inductive hypothesis, a and a® f are both valid; so, u(a)l D, and u(@® f)i D. Let u(a)=p, and
u(f)=q. Then by the homomorphism requirement, u(a® f) = p—~q. So pl D, and p~ql D. Since
is a filter, it is closed under meet (U), so pU(p—q) 1 D. But by (t10)(b), pU(p—>q) < q. Therefore,
since D is afilter, it is closed under implication (<). Therefore, gl D, sou(f)i D.

T— In this case, the formulaf followsfrom an earlier proof of [If . To show that f isvalid, consider
an arbitrary valuation u, to show that u=f . Let u(f )=p. Then by the homomorphism requirement,
u(Jf ) = O(p). By theinductive hypothesis, LIf isvalid, so by Lemma(L2), u(CIf )~1, soO(p)=1.
So by the box-restriction (b1), p=1, sopl D, sou(f)I D, soukf.

E. In this case, the formula f has the form [a < [b [=«+ [(LJa« [b)], and there is an earlier
proof of a<>b [=« [(a« b)]. To show [I(Cda« [b) is valid, consider an arbitrary valuation u; let
u(a)=p, and u(b)=q. By the homomorphism requirement, u(LJ(a« b)) = O(p<q). By theinductive
hypothesis, LI(a« b) isvalid, so by Lemma (L2), u(Ll(a« b)) = 1, so O(peq) =~ 1. So by the box-
restriction (bl), peg=1, so by a BA-theorem, p=q. From this it immediately follows that
O(p) = O(q), and so by (t12)(b), O(p)eO(q) = 1. Soby (b1), O(O(p)«O(q)) = 1, and therefore by
Lemma(L3), u satisfies O(O(p)< O(q)).

% The "homomorphism requirement" is the requirement that an admissibl e valuation is a homomorphism from the algebra of
formulas of L into the algebra A of semantic values. In our case, this means the following.

1) u(La) = O{u(a)}

2 u(~a) = {u(a)}

(3) u(a&b) = u(a) Uu(b)
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11. Lemmas About Axiom System O

Before proving the corresponding completeness theorem, we state some simple but important
lemmas about the System O.

(L4Y) ra & Fa®b = b

(L5 +~[It, for any SL-thesist

(L6) rFOa = ra

(L7) +=b = ra®b

(L8 +FO@®b) = +Oa® b

(L9 rFO@®b) & FOa .= +0Ob

(L10) Fa« b =. Fa < +Db

(L11) ra<a

(L12) Fa«<b = +bwa

(L13) Fawb & Fbeg .= Faweg

(L14) rawb =+~a < ~b

(L15) rFa «<at& Fbebt = —(a&b) < (a®bj

(L16) Fa«b = —la <« [lb

(L17) —0O(a&b)« (Ha & [lb)

(L18) FU(a« b) <. +O(@®b) & FO(b® a)

(L19) Fa« b <. Ha®b & Fb®a

(L20) Fa & b .= Fa&b

12. Completeness Theorem

Every formulathat is valid in the class K (p) of p-matricesis athesisof System O.

Proof. Given aformulaf that is not athesis of system O, we wish to show that at least one p-admissible
valuation refutes f . Indeed, we can define a single p-admissible valuation that refutes every non-thesis.
Define the p-matrix and associated valuation as follows.

First, define the equivalence relation ©, and the affiliated equivalence classes, as follows.
(d2) a°b =« axb [i.e,+0(a« b)]
(d3) [a]] =« {b:a° b}

Definematrix M = &4A, @, U, ...fi~, Of Dfiasfollows.

(d4) A consists of equivalence classes of formulas under the© relation;
ie, A={[a]:al L}

(d5) 1 =« [[T]] [Where T =« ~ (P& NP)]
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(d6) Ola] = [Ca]
(d7) @fa] = [~a]
(d8) [aJU[b] =« [a&b]
(d9) [a] =[b] =« Fa« b
(d10) D = {[a]:+a}
(d11) u(a) =« [a]
We wish to show that u is a p-admissible valuation that refutes every non-thesisof O. We divide the
proof into several steps, as follows.
(1) 4&A, @, Uiiis aBoolean algebra;
(2) aaAa, @, Ui~, O NisaPi-agebra;
(3) Disap-filteron 444, @, Ui~, O
4 u isap-admissible valuation;
(5) u refutest , if f isnot athesisof P.

Proof.
(1) 4&A, @, Uiiis aBoolean algebra;

This requires proving that the operations @ and U are well-defined, which amounts to proving that the ©
isan equivalence relation (a-c) that respects both negation (d) and conjunction (e).

@ a‘a
i.e, Fa<sa see (L11)

(b) a°b =»>0b%a
i.e,Faeb = bwea see (L12)

(0 a°b & b°g .= a°g
ie,Faeb & Fbeg = tFaeg see (L13)

(d) a°b = ~a°~b
i.e,Faebh = F~ae~b see (L14)

(e a°at& b°bt.= (a&b)° (a®bi
i.e,Fawat& Fbebt = Fa&b.e.a®be see (L15)

This means that the operations @ and U are well-defined. That the operations behave in a Boolean
manner — e.g., [aJU[b] = [b]U[a] — is shown routinely.

(2) &aAa, g, Uh~, OfiisaPi-algebra
Thisrequires proving that ~ and O are well-defined, which amounts to showing the following.

(@ a°at& b°hbt .=. a~b < at=b¢
e, Facat& —Fbebt =. Fac b < a be
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Suppose —L(a« a@), and —LI(b« bd. Thenby (L6), —a« a¢and —b« b¢ Now by SL,
F(a« ad® [b« be® :a« b.« .a® b’], so by two applicationsof (L4), Fa« b.« .a& b’, so
by (L10), Fax b < Fak b

() a°b = [0a°lb
i.e, Fa<b = +0a < [Ob see (L16)

We must also show that ~ isa Boolean congruence, which requires showing the following.

@ [a] =[b] = @a] ~ Q[b]
ie, rFakx b = r~a« ~b

(b) [al=[ad & [b] =~ [bd .= [aJU[b] ~ [adUbd]
i.e, Fax at& +b« b¢ = +(a&b)« (a®bg

These are both standard theorems about any system that contains SL, so we omit the proofs here.

Finally, we must show that O is a box-operator, which requires showing that it satisfies restrictions (b1)
and (b2).

(bl) Ofa]~1< [a]=1
ie. Ofa]~[T] < [a]=[T]
e, Fla« T < Fa<&T
ie,HFla« T < rF0O(ax T)

[=] Suppose —[la« T. Invirtue of itsdefinition, T isan SL-thesis, so by (L5) and (L6), -,
soby (L10), —[la. Also, a® (T® a) isan SL-thesis, so by (L5), —LI(a® (T® a)), so by (L9),
FO(T® a). Similarly, —L(T® (a® T)),soby (L9), —(a® T),soby (L17), m(a« T).
[«<] Suppose —-[I(a« T). Thenby (L17), —LI(T® a), soby (L8), -LIT® [la. T isan SL-

thesis, so by (L5), LT, soby (L9), —Ja,soby (L7), -T® Ua. Asin[~ ], =T,soby (L7),
Fla® T,soby (L19), ma« T.

(b2) O([aJub]) ~ Ofa] uO[b]
i.e, [O@&b)] ~ [Ha & [Ib]
ie, —O(a&b) « (Oa & Ob) see (L17)

(3) Disap-filteron&A, @, Uii~, O

(f0) iswell-defined

(f) 11

f2) xI D& yl = xUyl D

f3) xI D& x3y =yl D

(f0) Since D =« {[[a] : +a}, thisamounts to proving that
a’°b =. ra < rb

ie,Fa<b =.+ra < +b
Thisis an immediate consegquence of (L6) and (L10).

(f1) Sincel =« [T], and T isan SL-thesis; this followsfrom (L5)and (L6).

(f2) [a]T D & [b]T D .= [aJU[b]1
ie,-a & b .= +a&bh. see (L20).
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(f3) [a]i D & [a] 2 [b] = [b]1 D;
ie,-a & ra®b .= b see (L4).

4 u isp-admissible;

Clearly, u mapsthe formulas of £ into elements of the matrix. The only remaining question is whether
u satisfies the homomorphism requirement. This comes down to three cases.

(h1) u(~a) = Su(a)}
i.e, [~a] = 9[a]
Thisisimmediately truein virtue of the definition of &.

(h2) u(Ua) = O{u(a)}
i.e, [Ca] = Ofa]
Thisisimmediately truein virtue of the definition of OI.

(h2) u(a&hb) =u(a)Uu(b)
i.e, [a&b] = [a]U[b]
Thisisimmediately truein virtue of the definition of U.

5) u refutesf , if f isnot athesisof P.
To say that u refutesf isjust to say that u does not satisfy f , which amountsto saying that u(f )i D. By
definition, D = {[a] : ~a}, and u(f) = [[f ], so the question whether u(f )T D isjust the question

whether f isathesisof P [i.e., —f]. Soif f isnot athesisof P [i.e, +f],thenu(f)i D, andsou
refutesf .

13. System O Is Properly Contained in Lewis’ System S1
In the current section, we show that

(8)  everythesisof O isathesisof S1;
(b) not every thesisof Slisathesisof O.

In order to show that every thesis of O is athesis of S1, we rely on a result by Lemmon* that a system
he calls S0.9 is contained in S1. System S0.9 may be axiomatically characterized by the following rules,
labeled in direct correspondence with System O.

(r1) w0t wheret isatautology (thesis of Sentential Logic) [SLN]
(r2) wv@®b)®.a® [b [K]
(r2+) wU{U@®b)®.a® [Llb} [K+]
r3) a; a®b b [MP]
(r4) vla®a [T]
(r4a+) v {UOa®a} [T+]
(r5) {ra<«b} b Oa <« b [E]

Notice that every schema of the enlarged system P+T (see footnote 2) isincluded in the above list. So
system P+T, and hence P, is contained in S0.9, and hence S1.

* Journal of Symbolic Logic, 22(1957), 176-186.
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To show that S0.9, and hence S1, is not included in P, we note that neither (r2+) nor (r4+) isa

valid schemaof System P. To see this, consider the following instances.

D{OP® Q)
D{O(P® Q)® (OP® CQ)}

Consider a p-matrix based on Boolean algebra B4,

particular case, the congruence is depicted by the double-lines, and the non-trivial component of the O-

whose Hasse diagram is given below.

function is depicted by the arrow [i.e., O(b)=a, and O(x)=x if x1 b]. Also, D = {1,b}.

N\

Consider the following valuation: u(P) = b;u(Q) =0

Then,

u(C(OP® P)) = O(OI(b)—b)
0{ O(b-0) > (0(b)~D0(0))}
ap) =a

O(b)-»b = a»b = b
O(0(b)—b) = Ob) = a
Butal

S0,

u H O(OP® P)

Also

u(O{OP® Q)® (OPR® OQ)}) =
O{0O(b-0) - (O(b)-~0O(0))}
b-0=aq;

ObBb->0=0a=a

O) = a

O =0

O(b)-0(0) =a-»0=0>
O(b-0)»(O(b)-»0O(0)) = a»b = b

0{0O(b-0)>(O(b)-»0O(0)} = O®) = a

Butal D, so:
u # L{0P® Q)® (OP® L1Q)}



